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In preceding papers, Refs. 1 2, boundary conditions were developed for transport-relaxation equa-
tions by aid of a general reciprocity postulate for the interface. The same method is now used for
the linearized Boltzmann equation. A new scheme emerges: the kinetic boundary conditions consist
in a linear functional relation between interfacial “forces and fluxes” — in the sense of non-equi-
librium thermodynamics — which are, broadly speaking, given by the sum and the difference of the
molecular distribution function and its time-reversed, at the wall. The general properties of the
kernels occurring in this atomistic boundary law are studied. The phenomenological surface coeffi-
cients of (generalized) linear thermo-hydrodynamics, as e. g. temperature jump, slip coefficients
etc., can in a simple way be expressed by the kernel of the atomistic boundary law. This kernel is
explicitly worked out for completely thermalizing wall collisions.

The reciprocity concept provides a natural access
to the boundary conditions appropriate with the
coupled differential equations of a generalized linear
hydrodynamics ' 2. These transport-relaxation equa-
tions, with their first order time and space deriva-
tives, originated by the moment method from the
Boltzmann equation for dilute gases, though after-
wards their range of phenomenological applicability
may go beyond this gas regime. As a reminiscence
of the said origin the reciprocity theorem for the
linearized Boltzmann equation itself was marginally
contained in References - 2.

In reversing the direction of the route, the ques-
tion is now asked: what can one learn about bound-
ary conditions for the linearized Boltzmann equa-
tion from what is known about those for the trans-
port-relaxation equations? This desire is quite old.
Already the very first paper, from 1967, on non-
equilibrium thermodynamics of boundary condi-
tions® contained a remark that this method may
prove to be a hint for kinetic theory; again in ® re-
course to the surface scattering operator was felt
highly desirable. Such a program now seems to be
realized, with gain in understanding and in handling
boundary conditions for the Boltzmann equation.
Those hitherto in use exclusively, stated a linear
functional relation between the distribution func-
tions of the molecules approaching the wall and of
those leaving it. By the new method, boundary con-
ditions arise which state a linear functional relation
between surface “forces and fluxes”, Equations
(4.15). The “forces and fluxes” in essence are given
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by the sum and the difference of the distribution
function at the wall and its time-reversed counter-
part, for molecular velocities directed to the wall,
Equations (4.9) and (4.7). Such a scheme seamlessly
connects the kinetic theory of dilute gases with non-
equilibrium thermodynamics and also promises ad-
vantages for the applications. A few of them are
developed at the end of this paper. At the beginning
some necessary expositions of entropy etc. are
given.

1. Linearized Boltzmann Equation and Non-
Equilibrium Entropy of Gas

The one-particle distribution f(¢, X, p) of the gas
depends on time, space coordinates and particle
momentum. Its normalization is such that the inte-
gral over the whole spaces

[[fdBxdp=N (1.1)

gives the total number of particles. The distribution
shall be close to an absolute equilibrium

f=hQ+®), “&|<K1”, (1.2)

where
fo=no(2amkT,) 32 exp{—p?/2mEkT,}, (1.3)

with
[[fod3xd3p=N,,

is a resting Maxwellian with number density n,,
temperature T, particle mass m and Boltzmann’s k.

The relative deviation @ (¢, X, P) is governed by
the linearized Boltzmann equation

P

D

(1.4)

@
+c,,§—+w(¢)=o with ¢, =2, (1.5)
oz, m
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Here, » =1, 2, 3 numbers the Cartesian coordinates,
to be summed; w(...) is the linearized collision
operator. From (1.5) the “entropy” balance

a¥ _£0, 2 ,a_ _ROS 25 [
CnT o 2 it eeos
_ P [P o (D)dy =0 (1.6)
T,

follows directly. The dimensionless integration ele-
ment

d?’E(fo/"o)d3Pa hence fdy:l, (17)

has been employed. With it, the non-negativeness of
the right side of (1.6) holds. The common constant
factor P,/T,, absolute equilibrium pressure/tem-
perature, gives the dimension of entropy density. It
has been inserted in foresight of Equation (1.25).

Let us expand the distribution with respect to a
complete basis {¢}

<I)=%<p,~(p)a;(z,x) . (1.8)

The basis is chosen to be orthonormalized in the
sense

f @i py dy =0y .

As an equivalent to (1.5) one obtains the trans-
port-relaxation equations for the dimensionless a’s

(1.9)

S
jJaati T z('m gil T Z”)u ay =0. (110)
The coefficients are
C,»;i':ffficr @y dy, (')ii'=f¢i o (py)dy. (1.11)

The ¢’s are numbered in such a way that the first
few of them correspond to the conserved quantities.
Hence, with a monatomic gas, one has

o(p;) =0 for i=1,...,5 (1.12)
The pertinent a’s shall be
@1.9.3...5 XN —Ng, U—Uy, Vy, Vg, Vg, (1.13)

namely the deviations from absolute equilibrium of
the densities of number, internal energy and mo-
mentum (gas velocity). The “entropy” balance to be
inferred from (1.10), equivalent to (1.6), is

3 P21 , ° < )
3% (‘ 7, ? 5 @i )‘*‘ i Cyii’ @

3z,

P o0 00

=233 aimiar>0. (1.14)
To G 6

'\‘\1

022
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With minor changes these formulae are also valid
for polyatomic gases.

From the H-theorem of the quadratic Boltzmann
equation, the expression for a local kinetic non-
equilibrium entropy density is well known:

s=—k[f[In(fh*) —1]d%p.

Planck’s constant h renders the argument of the
logarithm dimensionless as it must be. In equilib-
rium the correct high temperature limit of quantum
statistics is attained (correct chemical constant).
But this is not essential in the following. More im-
portant is it to mention that the integral (1.15) is
independent of the choice of the zero-point in mo-
mentum space; in other words:
variant.

The decomposition (1.2) is inserted into (1.15).
Up to terms quadratic in @ one has

flIn(fA%) —1]
~ fo[In(fy h%)
Introduction of the thermal de Broglie wavelength

L=h/V2amkT, (1.16)

(1.15)

s is Galilean-in-

1)+ fyIn(fy B3 D+ L f, D2

gives

n(foh?®) =In(ngly*) —p*/2mkT,.

Hence, up to quadratic terms, the entropy density
(1.15) is
s=8

(1.17)
—Py/To[{[In(nyly’) —p*/2m kTP +3 P} dy.

Use has been made of the ideal gas law

kny=Py/T,. (1.18)
Furthermore,
3 Py [5
uy=—Py, s4= g [ — —In(nyl? )}E Seq (g5 Ug)
2 TO

(1.19)

are the equilibrium (internal) energy and entropy
densities. The terms linear in @ of (1.17) can be
re-expressed :

J D dy= (n—ny)ng (1.20)

Uy u—1uy

SJ’,’,,, B e S o BTy
2m ng ng

where n and e are the number and total energy den-
v the gas velocity. With the equilibrium

& ;fmvi’, (1.21)

sities,
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chemical potential per particle

o=k Tyln(ngly?) (1.22)

the entropy density (1.17) takes the form

Mo
T,

s=85—

1 P
(n—ngy) + TOf(e—uO) - T”Sw(])-d,_
(1.23)

The integral can be expressed by the expansion co-
efficients from (1.8) which casts (1.23) into the
equivalent form

£ (n—ng) + = (e— 1) —

L T

PO - l 9
TO ; 2 a;’” .
(1.24)

In the simple “entropy” balance (1.6) or (1.14)
only the last purely quadratic term of (1.23) or
(1.24) featured as “entropy density”’. This suffices
to express the positivity of entropy production,
right side of (1.6) or (1.14). The merit of the more
cumbersome expressions (1.23) or (1.24) for the
complete entropy density is that they fix the correct
normalization of the quadratic terms. Recourse to
that is necessary when two media in contact are con-
sidered and the transport-relaxation equations for
both of them have to be properly fitted together
(“same footing”). Details on this are in § 2.

The time derivative of the entropy density (1.23)
or (1.24) is

as 1y On

3~ T T,

lae

p A a

where the dots allude to the integral or sum term.
The particle and energy conservation laws are

%n Snw,
T a, =0,
B

)
7875 + x (e Uy + pvu vu . q;) = 0 ]

with p,, and ¢, the pressure tensor and the heat
flux. In quadratic approximation one has to put

ev,=uv,. Hence
¥ _ 3
= To [((—uon+u)v, +pv.+q]+..

Re-use of (1.24) gives in quadratic approximation

(—mon+uw)v,=[—ugng+uy +Ty(s—sp) ] v,
=(Tys—Pg) v, .
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With that and with (1.14) the complete entropy
balance becomes
ds , 9
3t + dx, [”
— ,PO
T,

1 1
+ To_ (Pm _P() 6)74) vu+ T qu

b | —

%% a; Cyii’ G;} T Zzaz(’)u ay>0.
0

(1.25)

The expression in the square bracket of (1.25) is
the complete entropy flux. Its normal component at
an interface gives the contribution of the gas to the
interfacial entropy production. A similar contribu-
tion comes from the medium on the other side, the
solid wall, to be considered in § 2. However, one
notices that the first three fluxes in the square
bracket of (1.25) refer to quantities which have a
meaning for any medium, gas or solid, because they
originate from the universal conservation laws [they
can be traced back to the In(f;h3)-term of the
equilibrium canonical distribution in (1.17)]. The
normal components of these three fluxes, added for
both sides and integrated over the interface, give
zero if there is — by assumption — no net transfer
of mass, momentum and energy to the interface.

So, thanks to the conservation laws, it is allowed
to forget about the first three terms of the complete
entropy flux and focus on the fourth, purely qua-
dratic one, whenever the interfacial entropy produc-
tion S, is envisaged. In this sense, we may state that
the contribution to it of the gas (medium I) is

nl—fd” [Z 2o aici ai'L (1.26)
=fdo;—zgé—c®2d;r. (1.27)
The abbreviations
[eiw = ¢ my]1 (1.28)
and
c=c,n,g (1.29)

have been used; n,; is the outer unit normal of the
gas. Expression (1.26) has been obtained directly
from the transport-relaxation equations first in*,
again in . To call it “the surface entropy produc-
tion” as it has been done, may be a little bit loose,
but cannot cause misunderstanding.

One last remark shall be made about (1.24). Let
us combine the first five terms of X a? with the
first three terms of s. Together, they form a Taylor
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expansion of the equilibrium entropy about absolute
equilibrium, up to quadratic terms. Hence, in the
quadratic approximation — and nothing else is con-
sidered here — the non-equilibrium entropy density
(1.24) can also be written as

(1.30)

§ = Seq(n,u) — T Z*"*a, .
0o 6

The reduced sum contains non-equilibrium quan-
tities (heat flux, etc, etc) only. Both terms on the
right side are now manifestly Galilean-invariant. To
ignore the sum in (1.30) amounts to the “Gibbs
assumption” of non-equilibrium thermodynamics in
the narrow sense, based on ordinary (linear) hydro-
dynamics. The full expression (1.30) is typical for
the non-equilibrium thermodynamics in the broad
sense, based on the general (linear) transport-re-
laxation equations.

2. Transport-Relaxation Equations for Solid
and Interfacial Entropy Production

The walls enclosing the gas are assumed to be at
rest and to consist of an incompressible solid (me
dium II) completely described by the fields of tem-
perature T (¢,X) and heat flux q(¢,x). The linear
differential equations for these are

3(r-T
ro(—atf-"’)f +

%’ +AoV(T-T,) +vq=0.

V-q -0,
(2.1)

T, is the same temperature of absolute equilibrium
as in § 1. To emphasize the smallness of the devia-
tions from equilibrium, the temperature variable has
been taken as T —T instead of simply T. The spe-
cific heat per unit volume is called y(7) and it is
abbreviated

7o=7(To) .

The heat conductivity is denoted by /, the relaxation
constant of the heat flux by .

(2.2)

The question is how to introduce, instead of
T-T, and q, new variables a;;, and @, which
obey transport-relaxation equations of type (1.10)
and which are “on the same footing” with the vari-
ables a;p), i=1,..., ~, pertinent to the gas. The
key to answer this question lies in Eq. (1.24). We
use it to write down the entropy density of the solid
in an equilibrium state different from the O-state,
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up to quadratic terms which (1.24) is good for,

L 5
s=Sq=S0+ 7 (u—uy) — - —a*. (2.3)

The second term of the right side of (1.24) does
not appear because of incompressibility and one has
e =u because the solid is at rest. By means of the
thermodynamical definitions
du=y(T)dT, dsy=[7(T)/T)dT
one can on the other hand directly note the qua-
dratic Taylor expansions
u=uy+7,(T=Ty) + 5 dyo/dTy (T -T2,
(2.4)

+ 2T Ty) +-

( 1 dy, Yo
T

Seq = SO

Dividing (2.4) by T, and subtracting it from (2.5)
yields

50(1330'}' (u—uo) =

1 (T ‘A
0

57 To) (2.6)

1
T,
This has the form of (2.3) and shows how one has
to identify:

L/"T" Lt (2.7)

Herewith, the new dimensionless variable a is de-
termined. Now it is compulsory to take

a_]/mTO _q

Py T, Vigho
as the vectorial variable @ in order to obtain trans-
port-relaxation equations of the symmetrical form

da/St+cV-a =0,
da/St+cVa +wa=0,

(2.8)

(2.9)

instead of the original unsymmetrical Equations

(2.1). The velocity constant c is given by
Sl = V} Cl)/;) .

The “entropy” balance for the solid [special case

of Eq. (1.14), again the purely quadratic balance,
to be directly gathered from (2.9)] is

8 P() (_ PO, )
( Toac(l

3t Ty 2
= IT): oa-a>0.

(2.10)

(a*+a- a))

(2.11)



L. Waldmann -

From this one infers immediately the solid’s (me-
dium II) contribution to the interfacial entropy
production rate

Sont —fd"

[aca nj;, (2.12)

where
np=-n;

is the outer unit normal of the solid. It is gratifying
(and necessary) that the dimensional factor Py/T,
in (2.12) and (1.26) consists of intensive absolute
equilibrium qualities common to both media, gas
and solid. This is inherent in ’. Re-
placing the a-variables according to (2.7) and (2.8)
by the original ones, gives the alternative expres-
sion

“same footing’

. T_
Sanzfdo{ - q-n] (2.13)
x| 1

which is no surprise.

Finally, adding the contributions of the gas
[(1.26) or (1.27)] and of the solid [(2.12) or
(2.13)] gives the total rate of interfacial entropy
production
Su:fd {{ZZ Qi Cijf al] —I—[(IC‘a'n]II}
To 11

O1 11

T-T, q
- amf{g_ ¢°d~,+[ Ty H 0,
ij;x To ¢ To PO IT >
(2.14)

where
qu = qi1. Ny

is the component of the solid’s heat flux in the
direction of the outer unit normal My of the solid.
To comply with the second law, positiveness of the
interfacial entropy production has to be required.
However, if there are no surface currents, as we
assume, even positiveness of the integrand,

S c B2 dy + [TTOT" }?Oln >0 at oy (2.15)
must hold.

The procedure of this section to obtain the cor-
rectly defined variables @ — namely by comparing
equilibrium entropy expressions — always has to be
applied when two media are combined to form one
composite system. E.g. the postulate of universal
reciprocity enunciated by Eq. (5.4) of Ref.? pre-
supposes variables ay, aj; which have been brought
on the “same footing” by the said procedure. The
linear homogeneous transport-relaxation equations

Theory of Boundary Conditions for the Boltzmann Equation 525

themselves, different for two separate domains, are
unable to fix their mutual normalization.

3. Reciprocity Postulate for Interface Gas/Solid

As the last preparation before establishing bound-
ary conditions of the Boltzmann equation, we have
to write down the local reciprocity postulate for an
interface, Eq. (5.6) of Ref. 2, for our special case of
a gas (I) /solid (II) system.

In matrix notation the reciprocity theorem for
two stationary solutions, discerned by superscripts
(1), (2), of the transport-relaxation equations (1.10)
is [see Eq. (21b) of Ref. 1]

[doa® c-a®=0. (3.1)
The time-reversed state is denoted by
ar=0"-a; (3.2)

c is the “normal component” of the coefficient

matrices ¢, of (1.10),

(3.3)

c=¢,n,,

where n, is chosen as the outer unit normal of the
closed surface 0. For later convenience let us intro-

duce the abbreviation

P c-a® = R12 = _ R (3.4)

for the “reciprocity scalar’” which has the dimension
of a velocity. (According to § 1 and 2 the a’s are
dimensionless.)

The local reciprocity postulate for the interface
between medium I (gas) and medium II (solid) in
elaborate form (no interfacial currents admitted) is

[see Eq. (5.6) of Ref. 2]

R{® + R -0 at ory. (3.5)

Prerequisite is that the a;, aj; are “on the same
footing” as explained in § 2.

In components the R’s are

R{?=[3 Zaf) ey P (3.6)
R(l’) [c(a 2) a® +a(")a(1)) "n]II . (3.7)
The expression for Ry, with the underlying “four

vector” {a,@}; from (2.7) and (2.8), is either
taken directly from (2.9) and its time-reversed
counterpart, or from the general form (R;!) by aid

of the special c-matrix

o)
i no/;
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for the heat conduction case (see § 7 of Ref.?; ¢y
had then been put = 1).

Again, the reciprocity scalar for the gas shall be
expressed by the distribution @. For this purpose
let us write Eq. (3.2) in components

ar; = Z G)ii' aj .

By introducing the time-(motion-) reversed basis
functions, cf. (1.8),

Pri(P) = 9i(—P) = 2 O @1 (P)
one gets the time reversal matrix in component form
Ow=f pripr dy=0y;. (3.10)
The distribution described by ar therefore is
2 piari= 2. 2.9 Oy ay = 2 o1y ay = D,

where

(3.8)

(3.9)

(D’I‘(x’p) = (p(xv_p) .

Hence, at describes the time- (motion) reversed dis-
tribution @ corresponding to P.
Using (1.11), (1.28) and (1.29) one has there-
fore
R =[3 3 [af) picpraP]idy=[ OF c DD dy.
(3.12)

(3.11)

This also comes from the monatomic gas case of
Eq. (7.14) of Reference 2.
For the solid one has

l[er=a, ar=—a]y, (3.13)

to be utilized in (3.7).
The local reciprocity postulate (3.5) now takes
the equivalent shape

PP c DDAy +[c(a®aV n—a?® naV)]y

=0 at o111 - (314‘)

The meaning of ¢ in the integral is repeated: it is
the component of the particle velocity in the direc-
tion of the outer unit normal n; of the gas

c=Ccn=0. (3.15)

The constant ¢j; has been introduced by Equation
(2.10). Now, it is a short way to the boundary con-
ditions.

4. Boundary Conditions for Linearized
Boltzmann Equation

In § 6 of Ref.2, form and symmetries of inter-
facial boundary (matching) conditions for two sets
of transport-relaxation equations, tacitly “on same
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footing™, have been developed from the “postulate
of universal reciprocity”. The decisive step was to
introduce, instead of the full “state vector” a (for
each medium) at the interface, two linearly inde-
pendent vectors, a surface force f and a surface flux
J> belonging to a subspace, according to *

fzvl_z-l’y (1+8)'GEV1—§P+' (a+at) ,(41)
_ 1 '
o= ﬁPgC' (1-06)a= ﬁP;C'(a—aT) .

This allows to rewrite the bilinear reciprocity scalar
(3.4) as the difference of two “scalar products”

C'am :f@) .j(1) _]'(2) .f(l) . (4_2)

It is recalled that the matrix P., defined in § 2 of
Ref. 2, projects into the subspace of positive eigen-
values of the c-matrix. — With this at hand the
formulation of boundary conditions is straightfor-
ward: linear relations between [’s and j’s for the
gas and the solid. We begin with the solid.

As an illustration of (4.1), the force/flux pair
belonging to the “state vector”

o (311>
1=
g

of a heat conducting medium, has been established

in § 7 of Ref. 2:

R(12) = 551‘;).

(4.3)

fu= L( ! )a 1= 1( ! )c (an)
= V2 \ny . Ju= 12 \ny 11 I -
(4.4)

(In Ref. 2 the first component a of the state vector a
was called a, and there was no 1/)2.) The reci-
procity scalar for the solid then is

o 1 ’ " s
R{P=3(17y) '(n [) [a®@ca®-n—ca® -na®]y.
I

The factor in front, half of the “scalar product™ of
the “four vector” (1, ny, n,, ny) with itself, is one.
The square bracket on insertion of (2.7), (2.8),
and (2.10) gives

f (4.5)

5 [(T® =Ty ¢ — ¢ (T ~To)Ju -

(12) _
RII T'0 P()

* Incorporation of the factors 1/})/2 in definitions (4.1)
leads to an entropy production $=/fj without numerical
factor, cf. Equation (4.19). In Ref.2 %5 the f,j were
defined without the 1/1/2. So, Eq. (3.6) of Ref.? was
s=3fj, against the custom in non-equilibrium thermo-
dynamics.
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By g1 the normal component of the heat flux in the
solid,

qu=qun;=0, (4.6)

is understood. Form (4.5) seduces one, secondarily
so to say, to define a new interfacial force/flux pair

for the solid
T” = TO

Fyr= - Ju= 4

T, ° P, (4.7)

at o,
dimensionless and a velocity, respectively. The reci-
procity scalar of the solid then appears in the re-

duced shape
RiP = [F® JO — J& FO ]y (4.8)

The gas described by the distribution @ (x,p).
will have a surface force/flux pair which also is a
function of p (and of x€ o117). The view of (4.1)
suggests the ansatz

1
F]: V§P+ ((p'*_(p'l‘)’

1 4.9
]1=ﬁp+c(‘p—(1"r)- (4.9)

The P, , and likewise P_, are the Heaviside func-
tions

P.(c) =0 for ¢<0, =1 for ¢>0

P_(¢) =1 for ¢<0, =0 for ¢>0. (4.10)
They have the projector properties
Pi=P,,P2=P_,P,P_=0, (4.11)

are conjugate by time reversal and are “complete’:
P =P+qg, P, +P_=1, (4.12)

as long as nothing singular happens at ¢=0, i.e.
for grazing velocities. (Whether an analogon of the
projector P, of Ref.? should also be embodied, can-
not be decided presently.) Now it is verified that the
ansatz (4.9), plotted into the proper form of (4.2),
indeed reproduces the reciprocity scalar (3.12) of
the gas:

SIF® JO _ j@ FO]; dy
=3 P.c[(P+ D) (D D)V
—(@—P1)® (D + Dr) V] dy
=[P (PP c DV - D ¢ PP) dy
=[(P.+P) DPc PV dy =[PP c ®D dy = R{®.
Hence, we have made the correct ansatz.
With (4.8) and (4.13) the reciprocity postulate is
JIF® JO _J@OFDO] dy + [F® JO _ J@ FO ]y
(4.14)

(4.13)

=0 at o171 -
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This is the canonical form apt for investigating
boundary conditions.

Following Eq. (6.1) of Ref.2, we now propose
the linear boundary conditions at the gas/solid in-
terface (or the interfacial atomistic law), for any
X € o111, in the form

Ji(x,p)= (4.15)

S Liy(ng,p,p’)Fi(x,p")dy’ + Ly (g, p) Fri (x)
Ju(x)=

JLui(n,p) Fi(x,p’)dy’ +Lun Fr(x).

The interfacial coefficients (kernels) L, dimension
of a velocity, will depend on the local unit normal
n;=n;(x) of the interface (as also P, does via
c=c-ny). This dependence will no more be ex-
plicitly indicated in the following. The dependence
of the L's on T is un-indicated in (4.15). If the
wall consists of different materials, an extra X-de-
pendence of the L’s will hold. The reciprocity (4.14)
is fulfilled with arbitrary Fy(x,p), Fi(x) iff the
Onsager relations are fulfilled, see Eq. (6.5) of
Ref. 2,

Lii(p,p’) =Li: (p,p) ,
Liy (p) =Lu:(p) . (4.16)

In order to comply with the projection (or subspace
or half range) properties of the force/flux pair Fy,
Ji prescribed by (4.9), the L’s themselves must have
the projection properties, see Eq. (6.2) of Ref. 2,

P.(¢) L1 (p,p) P.(c) =Li1(p,p’),
P (c) Ly (p) =Lin(p),
L (p')P.(c) =Ly (p)).

These are compatible with (4.16).

The boundary conditions (4.15) are characterized
by the feature that they offer a linear connection
between forces and fluxes (4.9) which are combi-
nations of @ and @1, even and odd under exchange
of both. This scheme has advantages, at least as far
as general questions are concerned, in comparison
with the boundary condition exclusively in use up
to now, which offers a linear connection between the
distribution functions of gas particles approaching
(¢>0) and leaving (¢ <0) the wall.

The positivity requirement of the L’s must be
inferred from the pertinent expression for the inter-
facial entropy production. As in (4.13) one verifies

JFil1dy =3[P, c(D*- DF)dy (4.18)
=3f(P,+P)cD2dy=[LcD2dy.

(4.17)
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With this, and by definitions (4.7), the interfacial
entropy production rate (2.14) becomes

: Py o

S(,:fdo?o-{jFIJId}/+F1[]11}>O. (4.19)
o111 0

Absence of interfacial currents provided, the posi-

tivity requirement (2.15) holds:

SFi 1 dy +Fuln>0. (4.20)

This entails the positivity properties of the L’s. In
§ 5 we shall come back to this.

The forces and fluxes F, J have been defined in
Eq. (4.9) by means of the Heaviside function P. .
In a fully detailed notation one would have to write
F., J. for them and L. for the kernels of the
interfacial law. The Heaviside function P_ has equal
rights. Its use in (4.9) and (4.15) would lead to
F_, J_ and L_. But because of

P =P

the “minus” force/flux simply is the time reversed
“plus” force/flux

F (p)=F (-p), I.(p=1.(-p),

and the kernels of the interfacial law are also linked
with each other in a simple way:

L. (p.p)=L.(-p,—p).

Thus, the “minus” boundary conditions are iden-
tical with the “plus” boundary conditions, just vari-
ables —p, —p’ instead of +p, +p’ being in-
serted. It is therefore legitimate to restrict oneself
to the “plus” quantities and to omit the correspond-
ing index, as it has already been done.

A formal remark is added on the relation between
discrete forces and fluxes f;, j; and the continuous
ones F(p), J(p). An entropy production rate rep-
resented by an integral over momentum space

1
[dyFJ= --O*fdspfo(p)F(p)l(P)

n
can be considered as the limes of a sum

S=Z vk (4.21)

with positive weights (metric) in it. Rewriting as
S=2VrifiVviji
1
produces the standard (scalar product) form, with-

out weights, for forces and fluxes V7;/; and V7, ;.
These shall be primarily connected by a symmetri-

cal matrix
Vyiji=2 R Vyr e with Ry=%,.
Introducing

1 1
Qic L :L;[
Ve " Ve

yields the equivalent connection

ji= ; vk Lix fr

Ly =

(4.22)

with a matrix L;; which then is symmetrical too.
The point is that the sum in (4.22) is and has to be
the same weighted sum as in (4.21). Thus, if by
“sum” the same weighted sum is understood
throughout, all statements about Onsager relations
etc. are unaltered. Our integration element dy plays
the role of the y’s in (4.21) and (4.22), not dis-
turbing symmetries.

5. Subsidiary Conditions for Interfacial Kernels

The L’s of the interfacial laws (4.15) are not only
restricted by the symmetries (4.16). They also
have to comply with the general requirements of
particle and energy conservation. Momentum con-
servation plays no role here, because the solid wall
is assumed to be fixed.

“Conservation of particles” shall mean that the
interface is assumed not to absorb nor evaporate
gas molecules. (The case of an interface with mass
transfer across it has been treated in Reference °.)
Then, the particle flux normal to the wall vanishes

[efy(1l+®) Epm=ny [ c®dy
—ng [P,c(P—PDp)dy=0,
or after (4.9),
JdyJ;=0
for any point X €oy1y .
“Conservation of energy” means that no net

energy transfer from bulk to the unit area of oy
is assumed to take place (no surface heat flux). This

(5.1)

is expressed by

2
S——;;cm(lﬂb) &Pp-n; + gy
=Py [ecDdy+qu
:PofP+SC((‘I)—(pT)d}’-I—qI[=O.

The dimensionsless energy

£ i (5.2)
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has been introduced. By use of (4.9) and (4.7) one
has therefore

V?Id}’f}l—f—jnzo

for any x €0y71.

Inserting the boundary laws (4.15) into particle
conservation (5.1) yields

SdyI=[1fdy Ly Fdy" + [[dy Liu] Fy=0
for arbitrary Fy, Fi;. (The prime on Fy refers to its

argument P’.) Therefore L;; has to obey the sub-
sidiary condition

(5-3)

[ dy Ly (p, p') =0 forany p’, (5.4)
and due to (4.16) also
S Lii(p,p’)dy’=0 forany p. (5.4a)
L1 11 must obey
Jdy Ly (p) =0. (5.4b)

Energy conservation (5.3) yields in the same way
V2[dyeli+Ju=[[V2[dyeLii+Lu] FY &)
+[(V2[dyeLin+Lnul Fu=0
for arbitrary Fr, Fy;. Hence
V2[dyeLiy+Liy1=0,
V2[dyeLin+Lun=0. (5.5)

This means that Lj;(=Liy) and Ly are de-
termined by Ly1 alone:

Liyi(p’) = - V2 [dyeLii(p,p),
therefore

Lig(p)=—V2[Li(p,p)edy, (5.7)

(5.6)

and
Lun=2[[dyeLi (p,p’) dy . (5.8)
Utilizing this in (4.15) gives the following elabo-
rate form of the boundary law
]I(x, p) szII (nI7 p’p,) FIII (xa p’) d“/, 3
Jux)=-vV2[dyeli(x,p), (5.9)
with the one “mixed” force
Fiu(x,p) = Fi(x,p) —V2P.(c) ¢ Fr(x) . (5.10)
The kernel Ly is restricted by (4.16) and (5.4).
Now, the second law’s requirements can be neatly
formulated in terms of L;; only. After (5.9) and
(5.10) the inequality (4.20) is
[dyFrli+Fulu=[dy Fiuly (5.11)
=[[dy Fiy Lit Findy >0

for arbitrary Fiy. The second law is satisfied by

requiring the kernel L;i{(p,Pp’) to be positive-defi-
nite in the sense of (5.11).

Herewith, all the general properties of the coef-
ficient kernels occurring in the interfacial atomistic
law have been listed.

The kernel Ly replaces the kernel which hitherto
has been in exclusive use for describing the molec-
ular collisions with the wall and which constitutes a
linear functional relation between the distributions
of the molecules approaching the wall and those
leaving it. The connection between both kernels
not simple, going through an operator inversion:

H— (P, +L)"1(P.-L)
or L= (P.+H) 1 (P,.—H),

with - , PO ~
L=c™'2Lc¢™ 1?2 P, L=LP,=L.

(5.12)

The symmetries L = L and H="H are equivalent.

6. First Applications

Three of them are considered i) thermal equi-
librium different from O-state ii) connection be-
tween interfacial kernels and interfacial coefficient
matrices iii) kernel L; for completely thermalizing
wall collisions.

i) The temperature of wall and gas, in thermal
equilibrium with each other, be T, # T;; the number
density of the gas be ny +n,.

The fluxes defined in (4.9) and (4.7) vanish in
equilibrium

Ji=0, Ju=0 (6.1)
and again after (4.7) one has
Fiu=(T,—Ty)/T,.
From (5.9) and (5.4a) one concludes that
Fi11(p) =P, const (6.2)
or with definition (5.10)
Fi(p) = V2P, (e Fy+const) . (6.3)

What is the distribution @ in this state? Definition
(4.9) shows that J; vanishes if @ = @1 (for ¢>0).
Then one has, again after (4.9),

V2P, D =F; and ():8,7‘1;,7,’0 +const. (6.4)
0

The constant has to be chosen in such a way that
the prescribed number density n, is attained in the
bulk gas (the boundary conditions are not con-
cerned with that). One has to put
ni—ny, 3T,-T,

ng 2 T, °

const =



530 L. Waldmann -

According to
h=f(1+?)

the above @ then indeed describes the relative de-
viation of the Maxwellian /f; from that in state O.
Thus, our boundary conditions give the correct
“displaced” equilibrium.

ii) A rarefied gas may approximately be described
by a finite set of transport-relaxation equations
somewhere between ordinary hydrodynamics and
the linear Boltzmann equation. Quite intricate situ-
ations can be treated in this way 7. In such a descrip-
tion the simple boundary conditions of hydro-
dynamics no more suffice. One has to introduce
several phenomenological jump and slip coefficients
determining the behaviour of the proper hydro-
dynamical quantities at the surface and several new
phenomenological surface coefficients for newly
introduced “moments”. All these surface coefficients
can be expressed in terms of the basic kernel
Ly (p,p’) from (4.15) which completely describes
the interaction between gas and wall.

To find this connection, we plot the expansion

(1.8)
D=2 oy ay
into the Ji, F1 of boundary conditions (4.15), ob-
taining
V2I1=2P.cps(a—ap)yy
=2 [Li1¢ v dy (a+ar)iy+... (6.5)

The definition (4.9) is recalled. The projector P.
of F; does not appear; it is absorbed by L, after
(4.17). By multiplying (6.5) with ¢; and inte-
grating, one gets

2(P.c)irla—ar)1y= 2 Ly (a+arp) 1y +... (6.6)

with the matrix elements

(P+ C)ii':fd7(pip+c(pi'a (67)
Ly =[[dy piLir ¢’y & (6.8)
The ¢’s shall be complete:
% Pk (P) 99/:(1”) d}', =9 (Pa P,) dsp, C (69)
Then one can decompose
(P.c)w= %P+i1\' Cri’ (6.10)
with
Py=JdyoiP. ox, (6.11)
e =L@ i’ dy’. (6.12)
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With the force/flux matrices (the shorthand notation
without indices is now used)

j= i_P+c(a—aT) 5 16.13)

1
= 5 P.(a+ar), %

=3
Eq. (6.6) becomes

ji=Liihi+... (6.14)

This has the same form as the boundary conditions
(6.1) of Ref.2, for the transport-relaxation equa-
tions. This is not astonishing, we went from one
representation to another, everything is equivalent.

In practice the moment expansion of the distribu-
tion function is truncated, the basis no more com-
plete as it was in (6.9). But it is hopefully still a
good approximation if the boundary coefficients
(temperature jump, slip, etc) of the generalized
hydrodynamics, i.e. the Li1;y of Ref.2 are again
connected with the atomistic kernel Lii(p,p’) in
the manner

Livie = [[dy 9. (p) Li1 (p, P) ¢ (p)) 4y . (6.15)

The ¢’s now are a finite number of functions suit-
ably chosen. Equation (6.8) was exact; Eq. (6.15)
is perhaps the best available in its context. Inserting
the energy ¢ for ¢; and ¢y gives the temperature
jump coefficient; etc.

That the connection is now so simple is a conse-
quence of the new form (4.15) of the atomistic
boundary conditions.

i) “Completely thermalizing wall” signifies that
the particles receding from it have a Maxwellian
distribution with the wall temperature. Without re-
stricting generality, we can take

Fii=0,

i.e. the wall has, at the point considered, the tem-
perature T;. Then the distribution of the receding
particles simply is
on
@ =const = —for ¢<0,
ny
or equivalently

P, Dr=P, 6—"
n

0

(6.16)

The constant on of course is determined by the
arbitrary distribution of the particles approaching
the wall. Indeed,

0=fc®dy =[P, c(P— Pp)dy
o
—[P.cDdy— " [P cdy
ny
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or
on_Lip cda, (6.17)
ng Gy
with the abbreviation
Co=[P,/ Ay =VEkTy2am. (6.18)

In order to find the kernel L; for the completely
thermalizing wall, let us write down the boundary
condition (4.15), utilizing Fi; =0 and the subsidi-
ary property (5.4 a) of any L;1,

1 on
h=ygPec(2- 1)
1

=[ L1 F/dy EfLII‘Vj‘R &’ dy

or
P.(c)e[D(p) — ‘el;,‘fc' P.(¢)D(p)dy']
=[Lii(p,p) P(p’)dy .

The left side is rewritten

’ d3 1 ]. ) ’ ’ ’
JP.(e) [cé(p,p J == J P.(¢)D(p')dy
/ 0

(6.19)

Comparison with the right side of (6.19) shows that
LII(TOa nI'.v p’ p,)

_P.(0) [cé(p, p)?

3p’
dy’

} cc']lﬂ(c’) (6.20)
Co

is the interfacial kernel for the completely ther-
malizing wall. The kernel (6.20) has the symmetry

! L. Waldmann, Z. Naturforsch. 31a, 1029 [1976].

2 L. Waldmann, Z. Naturforsch. 31a, 1439 [1976].

3 L. Waldmann, Z. Naturforsch. 22a, 1269 [1967].

4 L. Waldmann, Rarefied Gas Dynamics, 8th Symposium
Stanford 1972, Academic Press, New York 1974, p. 431.
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(4.16) and the properties (4.17) and (5.4). It is
positive-definite:

[[dy FiLi F 4y
& ’ 1 ’ ’ ’
=[] dyFy|cd(p,p") &'~ s -cc' & |Fy
0

- Cl [fdy (FycFyP, ¢ —Fred F) &y’

0

1 7’ 7 7\ O ’
=5 [[dy PP cc'(F1—F()*dy’>0.

0

The identity P, F;=F; has been used. Hence, the
kernel (6.20) has all the necessary properties. The
other coefficients Lyj; and Lyj;; of the boundary
law (4.15), expressible by Li; according to (5.7)
and (5.8), can be written down explicitly by means
of the auxiliary formula

JP.cerdy = (n+1)!4,. (6.21)

The immediate result is

Lin(Te,n,p) = — V2P, (c)c(e—-2),
Ly (Ty) = 46,.

According to Eq. (6.15) and analogous formulae for
Liy and Lyjq1, one can at once calculate any desired
surface coefficient for the completely thermalizing
wall.

More applications are possible. E.g. a formula
can now be given, exact in principle, for the heat
transferred between two parallel plates through a
gas of arbitrary pressure, in terms of certain eigen-
functions. But this is a little too lengthy to be added
here.

(6.22)

5 L. Waldmann and H. Vestner, Physica 80 A, 523 [1975].

6 L. Waldmann and R. Riibsamen, Z. Naturforsch. 27a,
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